Probability : Theory and Examples

-- by Richard Durrett (Cornell University)
We (the members of Shigekawa’s laboratory who enter in 2007) use this textbook in
our seminar and I read through from Chapter 4 to Chatpter 7 in this book. I’ll write
down what I notice , consider and want to correct etc.

Chapter 4. Martingale

Section 4.1 Conditional Expectation

[Comments]
e We feel clear if we show this lemma.

Lemma 1. (Lemma of A¢ )
Let Fis o-field. Then,

[, XdP= [, YdP ("Ae F) = X=Y as.

Proof.
It is enough to show in case Y=0 and X >0 since it can be raplaced X as X—Y and X is
decomposed as X =X"—X". Let € is arbitrary, >0 and € Q . Let A, :={w|X(®w) > £}.
Then 0= fA XdP > €eP(A,) so that P(A¢)=0.So P(X>0)=P(J,., Ae) < .., P(Ae)=
0. It means X=0 a.s.

O
[Outlines]
® Theorem 1.6
We should make 3 steps.

1. F(x,w):=inf{G(q,®)|¢g>x}=F(x,®)=P(oX) <x| Q)
2. v(w,-)on(R,B(R)) for every we O

3. A€ S is defined uniquely for every Be B(R) and r.c.d. u(®,A) is defined as :
uw(w,A)=v(w,B)

Section 4.3 Examples

[Corrections]
®*p.2391.3

n! 2(m+1)(n—m)! N2_x
m!(n—m)! (n+2)! n
® p.241 1.26 Let 1 and v be probability measures on sequence space

P(G,=m+2)=

[Comments]
® Does X,,= H1 <m<n qm(@,,) satisfy the assumption of theorem 3.3 ?

Section 4.4 Doob’s Inequality, Convergence in L?



[Corrections]
¢ p.253 .11 Kronecker’s lemma, (8.5) in Chapter 1.

[Comments]
® Theorem 4.1
We’ll often use the result as follows :
E(Xo) SEXnar) SE(XR)
We find that if {X,,}, is martingale, then E(X)=EXyx)=E(X})

Section 4.5 Uniform Integrability, Convergence in L'

[Comments]
® Theorem 5.7
Why “j:«; XdP = j;{ Y.dP (fOI'allAG fn) :>Y°°:E(X|foo) 2 9

Section 4.6 Backwards Martingales

[Corrections]
® p.268 1.7 (6.6) occurs

[Outlines]
e Steps of the proof of theorem 6.6

[Details]
® Theorem 6.8.
Noting that E(l(xlzl) |€), "',E(I(ano)lg) are lld,
PXi=-=X=1,Xp41="-=X,=0)
= E(1(X1:~~-:Xk:1,Xk+1:---:X,,:0))
E(E(1(x,=..=X,=1,Xps1==X,=0) | €))
E[E(1(x,=1)|E) - E(1x,=1) |O)E(1(x;,,=0) 1) E(1(x,=0) | E)]
E[P(X;=1|E)---P(X;=1|E)P(Xi+1=0|E)--P(X,=0|E)]
= [ 0K(1-8)"*dF(6)

Section 4.7 Optional Stopping Theorems

[Corrections]

® p.27219 P(inf, S, <a)

® p.272 1.30 a is an integer
® p.2731.10 Use (7.5)

Chapter 5. Markov Chains

Section 5.1 Definitions and Examples

Section 5.2 Extensions of the Markov Property



* A comment for the Markov property and the strong Markov property
These two properties are applied to Brownian Motion (B,);>¢ .

Let (X;);>0 be a (continuous time) Markov process (i.e. P(X;€ B|X;)=P(X,€ B|F;) for ¢
>s and for every Be B(R) , where F,:=0(X,;u<t)). Then, the two properties hold just
as discrete time Markov chains.

[the Markov property]
E(Y 6, F)=Ep,(Y)

[the strong Markov property]
We define C:={ > ; R>¢ >t — @) € C[0, «)}. Let Y5 be a bounded C-measureable

function and let S be a stopping time. Then
E(Yse 65| Fs5)=Ex;(Ys) on {S <o}

Section 5.3 Recurrence and Transience

e Comments

[Decomposition theorem (Thm 3.6)]

Note that C, is a equivarent class for x € R. Since if we define x~y & p,, >0, ~isa
equivarence relation.

(1) pxx>0is trivial by the definition of R, (ii) if p,,>0, then thm 3.4 implies p,,=1>0,
and (iii) if Py, py.>0, then exercise 3.4 implies Py, > Pry Py >0

Section 5.4 Stationary Measure

¢ Correction

p-306 1.19 Exercise 3.10

¢ Comments
[The check of that X,,,; is Poisson with mean up+A in example 4.7]
Section 5.5 Asymptotic Behavior

e Correction
p-306 1.19 Exercise 3.10
p.3181.25

y = Y47, it 1Z)>M
"\ Yo+ W, if |Z)<M

Section 5.6 General State Space

¢ Correction
p-3301.15 Exercise 6.13
p.-3301.23 z=0

® The check for p is a trans. proba. on §



® Detail of lemma 6.3

¢ Detail of example 6.6 Poisson arrivals

Chapter 6. Ergodic Theorems
Section 6.1 Definitions and Examples

Section 6.2 Birkhoff’s Ergodic Theorem

e Correction
p-342 1.12

n-1
1 m k+1
;% 149" (0)) —>logio (T)

® QOutlines of theorem 6.1
n-1

Step 1. %m; X(¢"(®))— EX|T) as.

Step 1.1. Preparation
Step 1.2. F=D

Step 1.3. P(D)=0
Step 1.4. Conclusion

n—-1

Step 2. %Z X(¢"(®))— EX|T) in L!

m=0

Step 2.1. Preparation

Step 2.2. Obsevation about X, as M — oo
Step 2.3. Estimation of X,

Step 2.4. Conclusion

¢ QOutlines of Lemma 6.2
Step 1. X(w)=S;(@0)—M(w) for 1 <j<k+1
Step 2. E(X(w); M;>0) >0 with a little calculation.

Section 6.3 Recurrence

¢ Qutlines of Thm 3.1

Step1. R, > Z1<m<n 14(@™(®)) , hence liminf, ,.. R,/n > E(14|Z) a.s.

Step 2. R, > k+ Z1gmgn—k 14,(@™(®)) , hence limsup, .. R,/n <E(14]7) a.s.
, Where A;:={8;#0,---, S, #0}

Step 3. Combining the results of Step 1 and Step 2.



¢ Qutlines of Thm 3.3
Step 1. #,1,,--- is stationary under P(-|Xp€ A) .
Step 1.1. P(Uk>1 Cp=1
Step 1.2 Show that
P(ti=m,t,=n|Xye A)=P(t=m,t3=n|Xge€ A) for all m,ne Ny

Step 2. Show that |

E(T1|Xoe A)= m

Section 6.4 Mixing

® Correction

p-347 1.18 It should be C={w: ¢"(w) € Ai.o.} so that all of ““P(B)’’ in the same para-
graph should be “‘P(C)”’.

p-347 1.18 Not (b) but (ii).

Section 6.5 Entropy

¢ Correction

p.3551.8 = should be = or =.

p-3561.1 > exp(—en)<occor > e <oo.
p-357 1.17 Not “‘log a’’ but ‘‘loga’’.
p.3571.24 ““‘ae™®"’ should be (£A,)e™*
p-357 1.28 (the last line)

1
—;logp(wo,---, W,-1)

¢ Error of estimation in the proof of thm 5.2
P(A) < (HA) e is right, since we have to estimate as P(sup, g,> A1) <(const.)e™*.
[Detail of estimation of E(sup, g,)]
As we know, since {sup; g;>A}cuU; A; and A; are disjoint by their def. ,
P(sup; g > M) <P([], A)=Y, PAY< Y, (dA)e* <et (1S)=ae™
Lem. 5.7 in Chap. 1 implies,
E(sup, g,)= |, P(sup,g.>A)dA=a [ erdAl=a<e

Section 6.6 A subadditive Ergodic Theorem

¢ Correction
p-358 1.21 ergodic theorem (2.1)
p-359 1.10 ““k<m’’ should be ““O<k<m”
p-3591.29 Ly w+Lna<Lo,
p-362 1.20
(6.6) Y=liminf Yy ,/n<—¢

n—yoo

p.3641.8
Xom+ -+ Xk=ymkm

km

E I, —0

® Comments
1. The assumption (i) in the subadditive ergodic theorem is called ‘‘subadditiveness’’.



® QOutline of the proof of the subadditive ergodic theorem.
I believe that I shouldn’t forget to make strategy with many small steps when I follow a
very long proof.

Step 1. Show the property (a).
& (i) implies X§ , <X§ m+Xmn -
& =xt+x=2x"—x
A3 X0, <Xg 1t + X1
A4 ElXo l <SQEXG,1)— Yo)n<oo
#; liminf, . a,/n > y(=inf,,>a,/m)
&g limsup, ;.. a,/n<a,/mforalm=>1
#&; Show (6.3) :
o nf Shey
Step 2. Show E(X) <y where X :=1limsup,_,.. Xo,,/7 .

& Prove that
Xo,m+ - +X=1)m,km

k

—A,, a.s. and in L'

by the ergodic theorem.

o) E(Ay) :E(E(Xﬂ,m |Zn)) :E(XO,m)

&3 If we fix [ >0 and we let €>0, then we can claim that
S P s> (km+ 1)) < 3 PKo 1> ke) < LE (K ) <o
k>1 k>1

&4 Prove that
Xim, km+1

n

—0as.

by reduction to the absurd.

asX<A,/m

aEX)<y

#; In particular, if all seq.’s in (ii) are ergodic, then X <y since E(Xg u|Z,) =EXo. ) =
Ap.

Step 3. Show E(X ) > ¥ where X :=liminf,_,.. X, ,/n, (b) except L! convergence and
(©).
&, Prove X=X, where X,,,:=liminf,_,.. X, ,+,/n by some tricks.
&, Prove (6.6) :
Y <—¢ where Y:=liminf Y, ,/n

n—>oo

&3 Show that for all €>0, there are some N(€) s.t.
E(Yim+1;Ta>N)=E(Y,1;To>N)< €

, where T, :=min{n>1;Y,, n+, <0}.

&4 Show that

N
YO n < §m+ Z |Yn—j,n—j+1|
m=0 Jj=1
, Where

| T, on {T,, <N} _]0 on {7T,,<N}
S’"'_{l on {T,,>N} ’5'""{ Ypmer on {T,>N} 219



R = 0 if n=0
" Rn—1+SR,,_1 if n>0

a5 Y <EX)
& In particular, if all seq.’s in (ii) are ergodic, then X=7 .

Step 4. Show lim, .. Xo ,/n="Xin L' .
LetI',,be A, /m and letI" be inf,~1,.

& Show that
+ +
=2E (XO’”—F) —E<X0’”—I‘) <2E <X0’”—I‘)
n n n

+ +
E(XZ’”—F) gE(X’Z’”—Fm) +E(T,,-T)*

a3 E(T',,—T')"<e¢ for sufficiently large m .
&, E(Xy,/n—T,) —0 as m— oo after n— oo (or k—>o0).
#; Conclude by combining #;, #;, 43 and &,

E|Xon_p
n

&, Show that

Section 6.7 Applications

¢ Correction
p-365 1.1 E(logA,,(1,1)) <o
p-3651.3 E(Xo,,) Z—Yon (A <)
p-366 1.2 the eigenvalues of A.
p-368 1.12
Y=inf{a:log u—c(a)<0}
p-369 1.7 E(¢(0, u)) <oo
p-369 1.10 Not v but nu.
p-369 1.27 to apply (6.1)
p-3701.24 p,=1

e Comments

[The check of that X,, , satisfies the assumptions (i) -- (iv) in example 7.1]

That {A;};> is stationary is defined as ;

We regard each A; as a R¥ vector and we define that ““{A;}i>1 is stationary’’ is
(A1,Ay, ) =4 (Ap,Aps1,-) forallm>1

i) : Since 0 (1, 1) G u(1,1) <04 (1,1),
Xo.m+Xmn=—log o n(1,1)=log &, ,(1,1) =>—log 0 ,(1,1)=Xo.,
(11)(ii1) : Note that
Omar (1, 1) = 35 Amet (L) Ak (-1, 1)

=4 Dy, A1 (L) A (i1, 1)

= opx(1,1)
So,

X mik=—10g Oy i (1,1)=g—log ot 1 (1,1)=Xo &

(iv) : If E(logA,,(1, 1)) <oo, then E(Xg ;)=E(logA;(1,1))"=4E(logA,,(1,1)) <o
And if E[log(sup; ;A (i,/))1(=: Y) <o (recall that A,,=; A for all m), then



E(XO,ﬂ) = —E(lOg aO,n(ls 1))
—E[lOg Zil yoeinet AI (1 s ll)Al’l (in—l s 1)]
—Ellog{sup; ;A1 (i,/) 3=, ..,  Axlit,i2)---Ap(in-1, D}]

VWV WV

_E[log{ H1 <i<n sup;, Al(i’j)}]
= 1<i<n Ellog{sup; ; A; (i, /)}]

[The check of that Y, , satisfies the assumptions (i) -- (iv) in example 7.1]
@) :
YO,n = log ﬁO,n
log ||A1 An ||
log HAI"'AmH +10g HAm+1 "'An ||
log Bo,m+10g Bun
= YO,m + Ym,n

(ii)(iii) : Since Boi=[|A1---Axll =4 |Am+1---Amsr || = Bum+k » Yo r=10g Bo x =4 108 Bum+x=
Ym,m+k .
(iv) : Since the definition of operator norms implies that [|A;]|<e , E(Yg,1)=E(log Bo.1)*
=E(log ||A{]])* <.
While, if we let ¥ :=min,; ¢;<,E(loginf; ; |A,i, /)]) ,

E(Yy,) = E(log|lA;--A,|)
E(logmax; 3 [(A-+-An). 1))
E(log|(A1---A)@E,)I)

Eog |33, ., AiGiin)Adin1]) )
Edoginfy WG I| X2, | Ao i)+Antini,)

7Nl

VoWV

E(lOg Hlélén infi,j |Al(ls])|)
ZKK” E(loginf; ; |A(i, )]
Yon

VWV WV VWY

¢ Details
[The check of that ||/A || is a operator norm]
At first, we should show that :

e |
max ij AG.pI= max, <A

max ||xA||; max Z [(xA),]

llxelli=1 [lxlli=1

T e 1Z|Zx’A(’ M for |lx =1

> max ZlA(z DI

1<i<k

Note that we take x such as x;=1 in the last inequality.



While, we can claim that , for x; [|x|[;=1

Al = 2| > xAG.)
< ij 23|xi||A(i,j)|
= ij 6 1AG. )|
= ij|xf|Z|A(i,j)|

i J
< max A(l,j
: ;| (%))

If we take x such as ||x||;=1 and ||xA ||; is maximal ,

max [xA [, <max ) " JAG, )]
X|[1= 1 J

So, we can claim that || - || is a operator norm by the definition of operator norms in
functional analysis. Then, we can claim that |AB|| < ||A||||B || etc. by basic properties
of operator norms.

[lim, .. (1/n)log ||[A--A, ||=—X]
It suffices to show that lim,,_,.. (1/n) max;log Ej 0., (i,j)=—X. Since (1/n)log o , (i, )
—-Xa.s.,

o on(i i
max 08 > Con(i, ) ax e 108 k000G )
i n i j n
- max max log k+105 00,1 (i,))
t J
= 108K ax max 108%0n(.))
n i n
- —X

N

Similarly,

log Zj (Xo,n (lsJ) .
max = max min

log kow,n (i, )
i n i J n

= max min log k+log 0w, (i, j)

i J n
_ logk+rnax min log &o,,(i,))
n i n

- -X

[The first equality at p.368]
Note that if we let Z, be the number of individuals in the generation n , then



Z, (an) = Z, Liz,<an) - Since 1(r,<qn 1s independent of Z, (so that E(1(z,<an |Z,) =
E(1(r,<an) ) »

E(Z(an)) = E[E(Z,(an)|Z,)]
E[E(Zn 1(Tn <an) |Zn)]
E[ZnE(l(T,,éan) |Zn)]
= E[ZnE(l(Tngan) )]

= E[Z,P(T,<an)]
E(Z,)P(T,<an)

= u'P(T,<an)

Recall that {Z,/ "} is a martingale so that E(Z,)/ u"=E(Zy)=1.

Chapter 7. Brownian Motion

Section 7.1 Definitions and Construction

® Correction

¢ Comments

[Def. of Gaussian process]

““(X1)r>0 1s Gaussian prosess’’ if and only if for every finite set of indices 0 <t;<---<f;,
there are 6;;>0 and p;€ R such that

. 1 .
E exp (l Z IIth> =exp <—EZ Ojilitj+1 Z ;,th,)
Lj l

1<I<k

And in the case of def. (a) -- (¢, w=E(B,)=0 and o;=E(B,B;,)=t;At; so that

: 1
E | exp (z Z tlB,,> =exp <—§Z tltj(tl/\tj)>
Lj

1<I<k

[The last equation in p.373]

S Pty X, AV Pryy i, (V5 2) =Dy, 1, (%, 2) s trivial by Chapman-Kolmogorov’s equation
in continuous time. (Then we have to show that the Brownian path is Markov chain for
any subsegence {f;};>0:t <t <---<t,<---. Butitis also trivial by the extension from

:u’X,Sl,'“,Sn—l to .ux,tl,"-,tn—lytn )

[Steps of construction of Brownian path]

Step 1. Enumerate elements in 1, as g, ¢z,

Step 2. Construct a probability measure v, on (24, F,) s.t. Vi (@; @y=x)=1
Step 3. (*) in Thm 1.3 holds for 1;,€ Q,

[Outlines of Thm 1.4]

Step 1. We consider a prob. meas. v, on a m’ble space (C,C) .

Step 2. If we let P,=V, -y~ then B(®)= o has the finite dim. dist. for re Q) .
Step 3. Construction of (B;);>¢ -

10



Step 4. We can suppose By =0 by thm 1.1 and thm 1.2 and prove the result for 7' =1
without loss of generality.

[We can compute E|B,|" ]
E|B,["

/ IB.I"dP
//5|B1 " dp

m

t2/ |x|" P(B; € dx)

2

m 1 i x
122wy 22 / x"e 2dx
0

mo_1 1% m1 m-1
22 y2edy
0

Il
o~
N~
S
o
)
N~

Il
~—
w3
lEll
I
[\
SIE]
!
7N
3
+
p—
N———

m 1 m
27227 ("2H)1 ifmis odd

m  m-2

1227 (m=1)!!  if mis even

[Outlines of Thm 1.5]

Step 1. P(GS)=K - 2-n{(1-m(1+a-By)-(1+m)}

, where G, :={|Xj.2n—Xj2| <{(j—9)27"}" forall (i,j)e I, } and
L:={(i,));0<i<j<2",0<j—i<2"}

Step 2. = Lemma 1.6

Step 3. Step 2. completes the proof of thm 1.5.

Step 4. Thm 1.5 implies thm 1.4.

[Definition (Holder continuous) ]
““(B))1>0 is Holder continuous with exponent € (0, 11" if and only if
|B,—B,| <3C|t—s|P fort,s >0

[Definition (Lipschitz continuous) ]
““(By):>0 1s Lipschitz continuous’” if and only if
|B,—B| <?C|t—s| fort,s >0

[Outlines of Thm 1.8]
Step 1. A,CB,
Step 2. Evaluating P(A,)

® Details

[The proof of Thm 1.2 in the case of general 7]

It suffices to show the result in the case of n=2. We can show the result in general » as
follows. First, we define DcR? for all «, BeR:

11



D:={(x,y)e R*;x<a,y-x< B}

Then, it suffices to show that P((By;, , By;,) € D)=P((\/sB;,, /s B,,) € D) since B(R*) =
B(D) . Using the result in n=1 and that B, and B,,,— B, are independent,

P((Bst1 sBstz)e D) = P(Bst1 g asBstz_Bstl < ﬁ)

P(Bstl g a)P(Bstz_Bstl g ﬁ)

= P(\/sB,<a)P(\/s(B,—B,)<P)
= P(\/EBtlga’\/EBtz_\/EBtl)gﬁ)
= P((\/EBtls\/gBtz)e D)

[The reason why ““(a’), (b)) and (¢)) = (a)’]
It suffices to show that the covariance of (B,,,B,,—B,,,--, B, —B,,_,)=0. For example,

E({Btl_E(Btl)}{Btz_Bll_E(Btz_Btl)}):E(BtlBtz_Btzl):tl _tl :O

We get the same result : E[(B;,—B;_)(B;—B,,_, )]=0 for all 1 <i,j<n (, where B,,=By =
0).

[Thm 1.4]

It will be better to rewrite with some notations. Of course, we use notations in textbook
as they are.

First, we observe Q, more strictly ;

Qg :={we Qg; uniformly continuous on [0,7]N Q) }
So, we can rewrite statements of Thm 1.4 :

Thm 1.4
Let T<o and x€ R. Then, Vv, (Qg) =1 (i.e. V;( o is uniformly continuous on [0, 7] Q)

)=1).
Secondly, we can define y : Qg — C as follows ;

o(7) if 1€ [0,TINQ,
V(o)1)= lim () if 1€ [0,T1N QS

, where {#;};>11s a sequence (in [0, T] N @Q,) which converges to 7.
Then, it will be more clear that y is measurable ;
If te [0,T1NQy, then {®; Y(w)(?) <al={w; () <ale F, . If te [0, TN Q5 , then

{o; y(o)(®) <a}=lim_,.{0; o) <a}={w; () <a}e F,. Then, y is F,-measur-
able.

12



Section 7.2 Markov Property, Blumenthal’s 0-1 law

® Correction

¢ QOutlines
[Theorem 2.1 (= the Markov property of BM)]
The proof is very similar to one of the Markov property of discrete-time Markov chains.

Step 1. Prove that
E(Y-6;;A)=E(Ex(Y);A) forallAe F/ (%)
Step 1.1. Show ()
Step 1.2. ¢o(x;,h)— ©(x,0) as h—0
Step 1.3. Show ()
Step 2. General cases

¢ Comments

® Details
[The proof of theorem 2.7]
Suppose P(Ty>0)>0 . Then there must be # > 1 such that P(Ty >n"')>0 . Since

P(Ty>0)=P (U To>n—1> <) P(Ty=n)
n>1 n=>1

and if P(Ty >n"1)=0 for all » > 1 then P(Ty;>0)=01i.e. P(Ty=0)=1 . We take such an
(=z1).
Then it must be either B,>0 for all 0<z<n~! or B,<0 for all 0<¢<n! on {Ty >n"1} (*)
since any Brownian path is continuous a.s.
Theorem 2.6 implies that B,>0 for all 0<¢<n™! on {Ty >n"'}. But the symmetricity of
BM also implies that B,<0 for all 0<z<n™' on {Ty >n"'}, since if we define 7 :=inf {z
>0;B,>0} then we obtain Py (7 =0)=1 just as theorem 2.6.
Thus, the last two results contradict to (*). That means P(T,=0)=1

Section 7.3 Stopping Times, Strong Markov Property

e Correction
p.-388 1.27 p(x,K):=inf{|x—y|; ye K}

¢ Qutlines of Thm 3.7 (= the strong Markov property of BM)
The proof is very similar to one of the strong Markov property of discrete-time MC.

Step 1. Prove the strong Markov property under these assumption :
{ta}:1, Too and PyS<oo)=> " PyS=t,)

n=>1

Step 2. Extend the result of Step 1 to the general cases.
Step 2.1. The cases of Y(w)=/fu(s) ngi@fi(a),[) .

13



Step 2.2. The cases of bounded Ys(w) on {S<eo} .
We use Monotone class theorem (Thm 1.5 in Chap 5) here.

® Details

[Theorem 3.7]

The reason why x— [ dyp,(x,y)f(y) is continuous when f is bounded and continuous.
Note that

o-2?

e_ 2t dy

1
(x,dy)=
Pt y Bt

and we have only to show x — [ p, (x, dy) is continuous. The mean value theorem
implies that there is a ce (0, /) and

' /pt<x+h,dy>— pt<x,dy)‘ < / i et dy)— pi(x, )|

o-x-n? P
g /le 2t —e 2t |dy
271
_Gx—0?
< ‘y X— c e 4
V2Tt / Y
2h y—x—c ==’
< —— ———e 2 dy
V2Tt Jy>x+e t
< V2h

Section 7.4 Maxima and Zeros

® What does the author mean in the paragraph beginning ‘The scaling relation ...”” ?
¢ Qutlines of Thm 4.10 in Example 4.5 (Lévy’s modulus of continuity)

Let 1, ,:=[m/2",(m+1)/2"] and A,, ,:=sup{|B;—Bu»|:t€ I, ,} for allm,ne Ny .
Step 1. The reflection principle implies that

a 612
P“<Am,n>m ) <4CXP(—7)

Step 2. We estimate A,, , by the Borel Canteli lemma ;
Apn< (bn)'2-27"2 for large n
, where £€>0 is arbitorary and b:=2(1+¢€)log2 .
Step 3. We estimate |B;—B,| by the triangle inequality and complete the proof.

Section 7.5 Martingales

Section 7.6 Donsker’s Theorem

e Correction
p-403 1.23 Not “‘a limit”’ but “‘a limit™’.
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p.403 1.26 (the last line) [j/3, (j+1)/3].
p-405 1.11 Though this isn’t a fatal error (as example 6.5 isn’t example),

Y 1,1k—1 k—1
Ix"-y"lé/ ']fl_ldz<£M

k-1

® Qutlines of Skorokhod’s representation theorem (Thm 6.1)

As we have proved the strong Markov property, first we prove this result in the simple
cases, and then we prove in the general cases.

Step 1. Suppose X concentrates on {a,b} (a<0<b) .

Step 2. Extend the result of Step 1 to general X -- construct a distribution function F.
Step 2.1. Construct the analogue of Step 1.

Step 2.2. Invent a r.v. (U, V) on R? which satisfies formula (6.2) .

Step 2.3. Check E(Ty,v)=E(X?) and By .= X .

¢ Qutlines of Donsker’s representation theorem (Thm 6.7)
Step 0. Preparation of some notations.
Step 1. = Lemma 6.8
Step 1.1. Preparation for the proof of Lem. 6.8.
Step 1.2. Show that forall €>0 , there are some [ s.t.
P(|B;—B;|<eforall0<s<1and |[r—s|<2/])>1—-¢
Step 1.3. Show that there is an integer N; s.t. if n >N, , then
P( sup |T[’£m]—s|<%) >1-¢

0<s<1 l
Step 1.4. Show that if 2//< € and n > N, , then
P(HS,,’(,”)—B, H >2€)<2¢e
, where [|Sy, ()= B(-) || :==supo<y<11Sn, vy =Byl
Step 2. = Lemma 6.9
Step 3. Conclusion

Section 7.7 CLT’s for Dependent Variables

e Correction

p409 1.6 uk(Sl JEREI YR ) should be Sr—S8k-1 -
p.418 1.5 (a—b)* <2a*+2b*.

p-418 1.10 (7.5) should be (7.6)

p.419 1.4 2
| Bl 7o) 3= () (Z p”(x,y)f(y))
y

p-4211.19 C should be C; .
p-422 1.2 C should be C; .
p.4241.25 B(n)=B(F_,,0(Xy))

® Qutlines of Thm 7.6
Step 0. Preparation
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Step 1.8,=T,+0Z,— 9n+IZ() and T(n.)/ \/ﬁ=> oB(-)
Step 2. Conclusion

Step 2.1. Check 6?=E(X})+2
Step 2.2. [|S,—T, ||, Zn~1?

E(XoX,)

n=1

® Three Cs in the proof of lemma 7.7
As you know, C in p.421 1.13 which means a set, C in p.421 1.19 which means a con-
stant and C in p.422 1.2 which means a constant are different from each other.

Section 7.8 Empirical Distributions, Brownian Bridge

e Correction
p.426 1.24 (the last line) It should be A =1 or A should be omitted.
p-429 1.2 Not “‘the proof of (4.6)’” but *‘the formula (4.7)”’
p-430 (8.11) should be
Po(max |B?|<b) =1+2 ) (-1)fe ¥ for b>0

<<
Osr<l k>1

Section 7.9 Laws of the Iterated Logarithm

¢ Correction

p-433 1.9 Not (2.6) but (2.5)

p.433 1.14 h(1)*

p-4331.15 Not (4.1) but (4.8)

p-4341.10 Not (9.6) but (9.7)

p-4351.11 f(1)=t,—t¢

p-4351.24 ““We have 2n instead of n/2’’ is right.

® Check (9.4)
We use L’Hopital’s rule ;
- -y?*12)d - —x?
fim e SRCY DDy exp(=2*/2)
x—e X lexp(—x%/2) x—e —X72exp (—x%/2)+x71- (—x)exp (—x*/2)
1
= lim —
xgilo X_z +1

=1

¢ Details of the proof of thm 9.1
[Outline of the prrof]
Step 1. Preparation = Check of (9.2), (9.3) and (9.4).

Step 2. Prove (a) :
limsup B

———x1
1>V 2tloglogt

Step 3. Prove the following inequality :
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. B[n+1 (X - 1 1
limsup > -—5
tiee V2tpp110810g 1541 a o

L>1
v2tloglogt

so that
11msup

where t,=o" for x> 1.

¢ Comments of Kolmogorov’s test (9.6)
Comment 1.
I guess that £ is a continuous function.

Comment 2.

I invented the proof of theorem 9.6. But it may contain something wrong.

(i) If Py(B,;<h(¢) for 0 <z < 6)=1 for sufficiently small 6 >0 i.e. & is upper class,
then PO (Th(t)> 6): 1 _PO (Th(t) 6) lie. PO (Th(t) 6) 0. This 1mphes

/ t‘3’2h(t)exp(— ()z)dtzo
5 2

So,
1 2 1 2
/ t_3/2 h(t) exp ( h;t) ) dt= / t_3/2 h(t) exXp ( g) ) dt < (1 6)K<°°
0 1)
where )
—3/2 h(®)
K:= 53?5 ~*h(t) exp( T ) '

(ii) If Po(B, = h(t) for some (0 <)t <8)=0 for all §>0 i.e. h is lower class,
By the reflection principle, 2
t
2Py (B, > h(t)=Po Ty <1)=2m) ™" / 2h(t) exp ( é) ) dt
0

If we take two seq.’s {my}r>1 and {m,;}k>1 s.t. my<mj<mp<my<--- and

Py(B; > h(t) for some te (27, 2_”’"]) > l

This implies

2 0% o
/, 732h(t) exp (— > )dr> 27
2

—my

So,

1
/ 732h(t) exp (
0

Comment 3. The meaning of ‘a little calculus’ in 1.18, p.433
Don’t forget that what we want is that

S - h(t)2
3n _
/0 (1) exp( =TS ) dt

converges or diverges for sufficiently small 6 >0.

dt>z ‘3’2h(t)ex _h@? dt= =
p T t—z 2T =00

k>1 k=1

Note that

n—1

les ()42 Sles(H+ ) lgu(r )+ 1+e)lg(r ) ~ga () (1\.0)

m=4
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We use this fact :

1
— — ds=lg,s+
/ Slgis g s e TC

where C is an arbitrary constant. You’ll get if you differentiate w.r.t. s in both of the
sides.

Comment 4.
But 4 which the author suggests is NOT suitable as an example of 4 in the result of Kol-
mogorov’s test, since 4T and r21 T as 110.

¢ Details of the proof of theorem 9.7
[The reason why it suffices to show (a)]

Note that
Sn N

1i e — l
1£nsup Pnloglogn ims P 2[1loglog[1]
St ( 2tloglogt )

V2tloglogr \ 2[t]loglog[1]
St

v2tloglogt

hmsup

hmsup

So, (a) implies that

_Su=B _ =limsup __Swm____ limsup B _
v2tloglogt ;. +/2tloglogt .. +/2tloglogt
and recall that hmsup,_)m B,/ +/2tloglogt=1 by thm 9.1.

The last two observation imply that

11msup

Sn
11msup

N V2R loglogn

[Detail of P(limsup,_,.. (S;3—B,)/v/tloglogt >v38)<(4/Vér)e]
Note that

Sin—B:
Pl1 — T _>./368
<‘?lsup Jiloglogt ~ )

M,
<P —>/36
(U lkgg);ﬁl \/tloglog )

< Pl ma >36

; (tk<l<§c+1 \/tloglogt )

< ZP( max M. \/35)
e t<t<ts1 \/Ir—1loglogti_q

< ZP( max 1Bs— Bi 2\/35)
ol T SES Tk 1, k-1 SSS42 1/ [y 110g log fr—1

< 4 (loglogf_1) "> (log f_1) ™'
vér

k>1



for large [ .
Now we have to decide an integer L(€) for all £>0 such that if /> L , then (loglogz,)~/?
<veand Y, (logn-) <€ .
First, note that
(loglogt;)™V? <\/e <= loglogt;>¢™!
— f>expexpe’
> (1+¢&)/>expexpe?
&= llog(1+¢&)>expe!
& [>expe!/log(l1+€)
Let Li(&):=min{/;/>expe'/log(1+€)}.
Secondly, note that
> (ogt )7 <\e = 3, (logn)™*</e
= ., tklog(1+&)} < e
= {log(1+&)}y7*)y, , k< e
= (-1)"<\/e{log(1+&)}*2
— [>1+4/[e{log(1 +e)}]
Let Ly(€):=min {/;/>1+4/[e{log(1+€)}*]}.
Then, it suffices to let L(€):=L.(€) v Ly(€) .
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